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The localization of two interacting electrons in a coupled-
quantum-dots semiconductor structure is demonstrated
through numerical calculations of the time evolution of
the two-electron wave function including the Coulomb in-
teraction between the electrons. The transition from the
ground state to a localized state is induced by an exter-
nal, time-dependent, uniform electric field. It is found
that while an appropriate constant field can localize both
electrons in one of the wells, oscillatory fields can induce
roughly equal probabilities for both electrons to be localized
in either well, generating an interesting type of localized
and entangled state. We also show that shifting the field
suddenly to an appropriate constant value can maintain
in time both types of localization.
PACS: 73.23.Hk, 73.61.-r, 78.66.-w, 78.47.+p
Coherent control of quantum systems is at the heart
of promising disciplines like femtochemistry and quan-
tum information processing. A basic operation of quan-
tum control, namely, the localization of a single electron
in coupled quantum wells, has been extensively studied
in the last decade. In two early publications, conditions
to maintain existing localization with an AC field,1 and
to create and maintain localization with a semi-infinite
AC field2 were identified. Thereafter, localization in two-
level systems, multilevel systems, induced by ultrashort
laser pulses, in dissipative environments, in molecular
systems, in trapped Bose-Einstein condensates, by means
of circularly polarized fields, with bichromatic fields, in-
cluding the effect of Coulomb charging energy, and with
quantized electromagnetic fields, has been studied.3
When two or more interacting particles are present the
possibility of entanglement of the many-body wave func-
tion arises. Entanglement is an essential ingredient in any
scheme of quantum information processing like quantum
cryptography and quantum computation, and therefore
it is a problem of great current interest to find or design
systems where entanglement can be manipulated.4–8
In the case of a single-electron, two-level system con-
sisting of the lowest symmetric and antisymmetric states
of the double well potential, perfect localization can be
achieved with a strong periodic electric field that causes
the two Floquet quasi-energies to be degenerate.9 This
scheme is not applicable to the two-electron system, be-
cause it requires a pair of states whose superposition re-
sults in a localized state, a condition that is not met in
this system. An alternative and trivial way of inducing
localization in a two-electron double-well system is to
adiabatically tilt the potential with a slowly increasing
electric field. Trying to localize the electrons on a short
time scale is more difficult: switching the field on rapidly
excites higher electronic states causing a coherent motion
from one well to another. In this Letter we examine this
regime of very fast localization.
We investigate the localization and entanglement of
two interacting electrons in a system of coupled quan-
tum dots, induced by spatially uniform electric fields
with a simple time dependence. Systems of coupled
quantum dots, sometimes referred to as quantum-dot
molecules or artificial molecules, have been actively in-
vestigated in the last five years, both experimentally and
theoretically.10–12 Our main findings are as follows: (i)
A constant electric field can bring the two electrons from
their ground state (highly delocalized) to a state of high
degree of localization in one of the dots, at a certain
time; (ii) At that time, a step in the field to another
constant value can maintain the localization essentially
indefinitely; (iii) An oscillatory field produces a different
type of localization, where both electrons are likely to be
found together in either dot with roughly equal probabil-
ities. This type of localization is a purely many-body
phenomenon, and arises due to the Coulomb interac-
tion between the electrons, which causes entanglement of
the two-body wave function; (iv) The entangled/localized
states can also be maintained in time by changing from
the oscillatory field to an appropriate constant field. In
all cases, localization takes place in a time scale of a few
picoseconds.
Our system is a quasi one-dimensional, double-
quantum-dot structure with two electrons in it. The
transversal size of the dots is taken to be L = 50 A˚, and
the double-well potential in the longitudinal direction,
V (z), is shown in Fig. 1(a). The energies associated with
the transverse dimensions are, due to the narrow lateral
confinement, high compared to those of the longitudinal
motion. Therefore, the lateral degrees of freedom do not
participate in the dynamics and the two-electron wave
function can be written as (we discuss below the spin
part of the wave function)
Ψ(r1, r2, t) = φ(x1)φ(y1)φ(x2)φ(y2)Φ(z1, z2, t). (1)
where φ(x) =
√
2/L sin(πx/L). The time-dependent
Schro¨dinger equation becomes
ih¯
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)
+ V (z1) + V (z2)
+ V1D(|z1 − z2|)− e(z1 + z2)E(t)]Φ, (2)
where E(t) is an external time-dependent electric field,
and m∗ is the effective mass. V1D is the Coulomb inter-
action given by
V1D(|z1 − z2|) =
∫ L
0
dx1dy1dx2dy2
1
e2φ2(x1)φ
2(y1)φ
2(x2)φ
2(y2)
ǫ|r1 − r2|
. (3)
We use the effective mass m∗ and dielectric constant ǫ of
GaAs.
In all our calculations the ground state is the initial
state. The spin part of the ground state of the two in-
teracting electrons is the singlet state,13 and correspond-
ingly (the fermionic wave function is antisymmetric) the
spatial part of the wave function is symmetric under
particle exchange. We calculate the spatial part of the
ground state by numerical diagonalization of the energy
eigenvalue problem of the interacting electrons. A plot
of the ground state is shown in Fig. 1(b) as a function of
the z-coordinates of the two electrons. Since the Hamil-
tonian of the system including the external electric field
is spin independent, the spin wave function is the singlet
at all times. Therefore, the evolving spatial wave func-
tion remains symmetric (under particle exchange) at all
times. We emphasize that the absence of triplet states
in the expansion of the wave function (Eq. (4) below) is
not an approximation, but a consequence of our choice
of initial state and the lack of spin dependence in the
Hamiltonian.
FIG. 1. (a) Confining double-well potential in the longi-
tudinal direction of the coupled quantum dot structure; (b)
Two-electron ground state versus the longitudinal coordinates
of the two electrons. Notice that the ground state is delocal-
ized, ie. both electrons occupy different dots.
We calculate the evolution of the two-electron wave
function by using the configuration interaction (CI)
method,11,14 in which one expands the wave function as
Φ(z1, z2, t) =
∑
i,j
cij(t)[ϕi(z1)ϕj(z2) + ϕj(z1)ϕi(z2)],
(4)
where ϕi(z) are eigenstates of P
2
z /2m
∗ +V (z). The sum
runs over 1 ≤ i ≤ j. We take j = 1, . . . , N , where N = 12
is the number of bound states of the potential V (z) shown
in Fig. 1(a). The two-particle basis set of symmetric
states hasN(N+1)/2 = 78 states. We find that this basis
set is large enough to achieve convergence. To obtain
the time evolution, the expansion (4) is substituted in
the Schro¨dinger equation (2) and the coefficients cij(t)
are calculated numerically with the fourth-order Runge-
Kutta method.
In order to describe the localization of the electrons,
we introduce the probabilities
PRL(t) = 2
∫
R
dz1
∫
L
dz2|Φ(z1, z2, t)|
2, (5)
that one electron is in the right and the other one is in
the left dot,
PRR(t) =
∫
R
dz1
∫
R
dz2|Φ(z1, z2, t)|
2, (6)
that both electrons are in the right dot, and PLL(t), that
both electrons are in the left dot. Since the probability
of ionization is kept small at all times PRL(t)+PRR(t)+
PLL(t) ≈ 1.
For the ground state, shown in Fig. 1(b), PRL ≈ 0.9988
and PRR = PLL ≈ 0.0006. That is to say that in the
ground state the two electrons have a very small proba-
bility to be found in the same well, which is expected due
to their Coulomb repulsion. In the rest of this Letter we
explore the question of whether an external electric field
(time dependent but spatially uniform) can induce local-
ization of the two electrons on a very fast (picosecond)
time scale.
We start the search for localization with the simplest
case, a constant electric field, E(t) = E0. Before t = 0
the system is in the ground state, and at t = 0 the field
E0 is switched-on suddenly. We compute the evolution of
the two-electron wave function as well as the probability
PRL(t) during a simulation interval of 9 ps. For each field
E0 we find the lowest value of PRL that occurs within
that time interval, and we plot the result as a function
of E0 in Fig. 2(a). The minimal PRL shows a few peaks
but for only one value of E0 (E0 = −5.18 kV/cm) does
it drop below 0.1. To take a closer look at the peak with
strongest localization, we calculate the three probabilities
PRL, PRR, and PLL for that field, and plot them versus
time in Fig. 3(a). In this case, PRL and PRR show an
oscillatory behavior, while PLL remains negligible at all
times. Physically, the two electrons oscillate between a
state in which they are highly localized in the right well
and another state which is completely delocalized.
In Fig. 3(b) we illustrate two operations of control of
the wave function that can be performed with piecewise-
constant electric fields. First, the thick-line curve of
PRL(t) in Fig. 3(b) (produced by the electric field shown
by a thick line in Fig. 3(c)) indicates that the low value
of PRL obtained earlier (at t ≈ 3 ps in Fig. 3(a)) can be
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maintained permanently by switching the field to another
special value. The field value that locks PRL at its mini-
mum was found through a systematic search. The second
operation consists of un-locking the localization and re-
suming oscillations similar to those produced by the ini-
tial constant field. The timing of this second switching is
found to be immaterial. The new field value is not arbi-
trary, but we find that many fields have a similar effect
in the evolution of PRL. In Figs. 3(b)-(c) we choose to go
back to the initial field value, and switch the field at the
time when PRL in 3(a) is maximum (6.1 ps), so that the
subsequent oscillation is almost 180 degrees out of phase
with the oscillation in 3(a).
FIG. 2. Minimum probability PRL obtained during a time
interval of 9 ps after switching on the external field. (a) For
a constant field of amplitude E0. (b) For a sinusoidal field of
amplitude E0 and frequency ω0. Darker areas correspond to
lower values of PRL, and therefore to stronger localization.
We saw above that an appropriate constant electric
field can localize to a large extent both electrons in a
well of choice at certain times, and the localization can
be locked by switching the field to another appropriate
value. We will see next that the nature of the localization
is different when oscillatory fields are applied. We con-
sider a sinusoidal field of the form E(t) = E0 cosω0t (we
discuss below the effect of a slow switching-on.) Fig. 2(b)
shows a contour plot of the minimum probability PRL
achieved in a simulation interval of 9 ps, as a function of
E0 and ω0. Darker areas correspond to lower values of
PRL, i.e., to stronger localization. The most prominent
feature in this plot is the existence of a number of “res-
onant” frequencies, which lead to localization for wide
ranges of E0. The lowest value of PRL, 0.027, is obtained
for E0 = 5kV/cm and ω0 = 5.6meV. Other combina-
tions of E0 and ω0 also yield values of PRL below 0.1. We
computed PRL(t), PRR(t) and PLL(t) for the frequencies
that lead to strong localization and for different values
of E0, and in Fig. 4(a) we show the result for the case of
strongest localization. Fig. 4(b) shows the correspond-
ing field. We notice that the localization, or reduction of
PRL, results in an increase of both PRR and PLL, as op-
posed to the case of a constant field, where only PRR in-
creased at the expense of PRL. This feature was observed
for all the AC fields (ω0s and E0s) we looked at. Physi-
cally, the localization with an AC field is such that both
electrons are (with high probability) together in one of
the wells, with roughly equal probabilities to be found in
either well. The two electrons are here in quantum states
that are both localized (to a large extent) and entangled.
We mention that all the states occupied by the two in-
teracting electrons in our simulations are entangled, in
the usual sense that they are not factorizable into single-
particle states. We use the label “localized/entangled”
for the low PRL states of Fig. 4(a) to emphasize that, in
these states, while each individual electron is delocalized
(it can be found in either dot with roughly 50% proba-
bility), the two electrons are correlated and very likely to
be found in the same dot.
FIG. 3. (a) Probabilities that the two electrons are in the
different combinations of wells, for a constant electric field of
E0 = −5.18 kV/cm, which produces the highest localization
(lowest value of PRL of all constant fields); (b) PRL for the
two fields shown in (c) (corresponding thick and thin lines);
(c) Piecewise-constant fields that induce the PRL(t) of (b).
The field values and switching times of the thick-line field are
chosen to produce the lowest PRL, and to lock it at its low
value; the thin-line field ads another switching to return to
a delocalized state. The last switching time can be chosen
arbitrarily; in this case it is such that the oscillation resumes
out of phase with the initial one.
A sudden switching-on of the field introduces high fre-
quencies and therefore population of higher lying excited
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states, which results in a rugged evolution of PRL, PRR
and PLL. A smoother evolution of these probabilities
(Fig. 4(c)) is produced by the field plotted in Fig. 4(d),
which is switched on more slowly.
FIG. 4. (a) Probabilities that the two electrons are in
the different combinations of wells, for the oscillatory elec-
tric field shown in (b). Dashed line: PRL, solid line: PRR,
dotted line: PLL; (b) E(t) = E0 cosω0(t− t0), switched on
suddenly at t0 = 10ps. E0 = 5 kV/cm and ω0 = 5.6meV,
which gives the lowest value of PRL. (c) Same as in
(a) for the field with slow switching-on shown in (d); (d)
E(t) = E0 exp [(t− t0)
2/λ2] cosω0(t− t0), with λ = 5ps, and
t0 = 10ps. E0 and ω0 as in (b). (e) Various probabilities for
the field with slow switching-on and sudden shift to constant
value, used to lock in the localized/entangled state; (f) Field
that produces the probabilities shown in (e).
Once the two electrons are in the localized/entangled
state obtained at t ≈ 13.5 ps in Fig. 4(c), they can be
forced to stay localized by suddenly shifting the field
to an appropriate constant value. In Fig. 4(e) we show
this effect, along with the electric field that produces it
(shown in (f)). The control of entangled quantum states
in solid state systems is of great current interest.5–7 Loss
and Sukhorukov5 studied entanglement in coupled quan-
tum dots involving the spin degree of freedom. Here we
have identified a possibly complementary method that
creates localization with entanglement in the spatial wave
function of two electrons in coupled quantum dots.
In summary, we have found ways to create rapidly
and to maintain localization in a two-electron coupled-
quantum dots system with uniform electric fields with
a simple time dependence. While a constant electric
field creates pure localization of both electrons in one
well, oscillatory fields induce entangled states that ex-
hibit localization in either dot with roughly equal prob-
abilities. This localization-with-entanglement is a purely
many-body phenomenon brought about by the Coulomb
interaction between the electrons, and the method we
propose to create it is potentially useful in future appli-
cations of the physics of entangled states in solid state
systems.
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